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Problem Statement

Bayesian Network

Directed Acyclic Graph (DAG)
Markov Factorization of joint distribution

p(X1,X2,X3,X4) =
4∏

i=1

p(Xi | pa(Xi ))

= p(X1 | X2)p(X2)p(X3 | X2,X4)p(X4 | X2)

a DAG represents

• parent-child dependences

• conditional independences
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Problem Statement

Bayesian Network

Directed Acyclic Graph (DAG)
Markov Factorization of joint distribution

p(X1,X2,X3,X4) =
4∏

i=1

p(Xi | pa(Xi ))

= p(X1 | X2)p(X2)p(X3 | X2,X4)p(X4 | X2)

a DAG represents

• parent-child dependences

• conditional independences

How can we learn DAG from data generated from joint distribution?
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Applications

Bayesian Network

Directed Acyclic Graph (DAG)

• Causal Discovery edge := cause-effect link

→help reason about interventions:

What happens if we increase interest rates?
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Applications

Bayesian Network

Directed Acyclic Graph (DAG)

• Causal Discovery edge := cause-effect link

→help reason about interventions:

What happens if we increase interest rates?

• Interpretability sparsest set of dependences

→help interpret model predictions:

Which features were decisive?
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Challenges

Estimation:

model speficication assumptions on edge functions

p(Xi | pa(Xi ))

identifiability non-uniqueness (identify up to

Markov Equivalence Class [PJS17])

approximation finite sample from joint distribution
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Challenges

Estimation:

model speficication assumptions on edge functions

p(Xi | pa(Xi ))

identifiability non-uniqueness (identify up to

Markov Equivalence Class [PJS17])

approximation finite sample from joint distribution

Computation:

NP-hard because of acyclicity constraint [Chi95]
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Continuous Characterization - NoTears [ZARX18]

d variables, binary adjacency matrix B ∈ {0, 1}d2

Similar characterizations: [YCGY19, BAR22].
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Continuous Characterization - NoTears [ZARX18]

d variables, binary adjacency matrix B ∈ {0, 1}d2

hop-1 if ∃ i | Bii = 1 then self-loop exists

trace(B1) counts the number of such cycles

hop-2 if ∃ i , j | BijBji = 1 then length-2 cycle exists

trace(B2) counts the number of such cycles

hop-k if ∃ {i1, i2, . . . , ik} |
∏

j Bij ij+1 = 1 then length-k cycle exists

trace(Bk) counts the number of such cycles

Similar characterizations: [YCGY19, BAR22].
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Continuous Characterization - NoTears [ZARX18]

d variables, binary adjacency matrix B ∈ {0, 1}d2

∞∑
k=1

trace(Bk)

k!
= trace(exp(B))− trace(B0) = trace(exp(B))− d

Similar characterizations: [YCGY19, BAR22].
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Continuous Characterization - NoTears [ZARX18]

d variables, binary adjacency matrix B ∈ {0, 1}d2

Constrained Optimization Problem
Data X ∈ Rnd and weighted adjacency matrix W ∈ Rd2

argminW L(X ,W )

s.t. trace(exp(W ◦W ))− d = 0

Solve by e.g. Augmented Lagrangian. Then, threshold W to get B.

Similar characterizations: [YCGY19, BAR22].
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Continuous Characterization - NoTears [ZARX18]

d variables, binary adjacency matrix B ∈ {0, 1}d2

Advantages

1. genericity: nonparametric (neural) edge functions (e.g. [ZDA+20, LBDL20])

2. scalability: data size, number of parameters

cubic complexity in number of variables (up to ∼ 500)

Downsides

1. invalidity: not a DAG at training and at convergence

2. non-modularity: require differentiable operations

3. scale-sensitive: tend to order variables (root to sink) by marginal variance [RSW21]

Similar characterizations: [YCGY19, BAR22].
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Order-based Approach [FK03]
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Order-based Approach [FK03]

1 Learn total ordering of variables
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Order-based Approach [FK03]

2 Get corresponding complete DAG
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Order-based Approach [FK03]

3 Mask out inconsistent edges
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Order-based Approach [FK03]

3 Mask out inconsistent edges

Rσ: row and column permutation of strictly upper-triangular binary matrix: R ∈ {0, 1}d×d
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Order-based Approach [FK03]

4 Prune unnecessary edges
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Order-based Approach [FK03]

4 Prune unnecessary edges

Space of orderings is smaller and more regular than space of DAGs [FK03, TK05]
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Differentiable rank learning [BTBD20]

Score vector θ ∈ Rd inducing an ordering σ(θ) ∈ Σd

the smaller the score, the lower the rank
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Differentiable rank learning [BTBD20]

Score vector θ ∈ Rd inducing an ordering σ(θ) ∈ Σd

the smaller the score, the lower the rank

Optimization Problem

σ(θ) ∈ argmaxσ∈Σd
θ⊤ρσ , where ρ = [1, 2, . . . , d ] .

degeneracy in case of ties (some components of θ are equal)
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Differentiable rank learning [BTBD20]

Score vector θ ∈ Rd inducing an ordering σ(θ) ∈ Σd

Optimization Problem

σ(θ) ∈ argmaxσ∈Σd
θ⊤ρσ , where ρ = [1, 2, . . . , d ] .

degeneracy in case of ties (some components of θ are equal)

ORACLE σ(θ) = arg sort(θ) (due to The Rearrangement Inequality [HLP52]).
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Differentiable rank learning [BTBD20]

Score vector θ ∈ Rd inducing an ordering σ(θ) ∈ Σd

Relaxed Optimization Problem

µ(θ) = argmaxµ∈P[d ] θ
⊤µ− τ

2
∥µ∥22

soft ordering µ(θ)

Permutahedron P[d ]

cc R. A. Nonenmacher
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Differentiable rank learning [BTBD20]

Score vector θ ∈ Rd inducing an ordering σ(θ) ∈ Σd

Relaxed Optimization Problem

µ(θ) = argmaxµ∈P[d ] θ
⊤µ− τ

2
∥µ∥22

soft ordering µ(θ)

Permutahedron P[d ]

cc R. A. Nonenmacher

but cannot rank variables. We need a tractable decomposition of µ(θ) into hard orderings:

cannot use all d! orderings

µ =
∑
σ∈Σd

ασρ
σ
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SparseMAP [NMBC18]

Let D = d! be the total number of orderings, and △D be the D-dimensional simplex

µ =
∑
σ∈Σd

ασρ
σ
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SparseMAP [NMBC18]

Let D = d! be the total number of orderings, and △D be the D-dimensional simplex

µ =
∑
σ∈Σd

ασρ
σ

Sparse decomposition - categorical regularization

αsparseMAP(θ) ∈ argmaxα∈△D θ⊤Eσ∼α[ρσ]−
τ

2
∥Eσ∼α[ρσ]∥22 ,

solved by Active-Set Algorithm [NW99] → calls to argsort oracle
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Top-k Sparsemax [CNAM20]

Let D = d! be the total number of orderings, and △D be the D-dimensional simplex

µ =
∑
σ∈Σd

ασρ
σ
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Top-k Sparsemax [CNAM20]

Let D = d! be the total number of orderings, and △D be the D-dimensional simplex

µ =
∑
σ∈Σd

ασρ
σ

Sparse decomposition - marginal regularization
For k > 2

αtop-k sparsemax(θ) ∈ argmaxα∈△D ,∥α∥0≤k θ
⊤Eσ∼α[ρ

σ]− τ

2
∥α∥22 ,

→ calls to top-k permutations oracle
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Top-k Permutations Oracle - Contribution!

Data: k ∈ {1, . . . , d!}, θ ∈ Rd

Result: top-k permutations Tk(θ)

P(θ)← {σ1 ∈R argmaxσ∈Σd
gθ(σ)};

while |Tk(θ)| ≤ k do

σ ∈R argmaxσ∈P(θ)\Tk (θ) gθ(σ);

P(θ)← P(θ)∪{σj | j ∈ {1, . . . , d−1}};
Tk(θ)← Tk(θ) ∪ {σ};

end

contour lines

• set of candidates: P(θ)

• best permutations: Tk(θ)

• score: gθ(σ) = θ⊤ρσ

• adjacent transposition: σj := σ (j j+1)
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Overall DAG Learning Problem
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)
<latexit sha1_base64="mvOosCXs2hCXkVjDLTyO5lAeUgk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuhOgx4MVjAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rw1s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7LXrVcaVRKtXptEUcezuAcLsGDG6jBPdShCQwQnuEV3pxH58V5dz4WrTlnGeEp/IHz+QONLY0H</latexit>,

0.1

0.6

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

0.5 0.1 -0.2 -0.5
structure 

parameters

equation 
parameters

<latexit sha1_base64="C8Wy9s5ndkX8ZHW1cljCJcCE3Hc=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiRS1GXRjcsK9gFNCJPJpB06mYSZG6GEght/xY0LRdz6E+78GydtFtp6YJjDOfdy7z1BypkC2/42Kiura+sb1c3a1vbO7p65f9BVSSYJ7ZCEJ7IfYEU5E7QDDDjtp5LiOOC0F4xvCr/3QKViibiHSUq9GA8FixjBoCXfPHJjJvzcDRIeqkmsv9yFEQU8nfpm3W7YM1jLxClJHZVo++aXGyYki6kAwrFSA8dOwcuxBEY4ndbcTNEUkzEe0oGmAsdUefnshql1qpXQihKpnwBrpv7uyHGsigV1ZYxhpBa9QvzPG2QQXXk5E2kGVJD5oCjjFiRWEYgVMkkJ8IkmmEimd7XICEtMQMdW0yE4iycvk+55w7loNO+a9dZ1GUcVHaMTdIYcdIla6Ba1UQcR9Iie0St6M56MF+Pd+JiXVoyy5xD9gfH5A2pXmKw=</latexit>

min
✓

<latexit sha1_base64="YiVVNJpl4OpNrYiEDZvRdDIO3H4=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rLoxmUF+4AmlMlk2g6dTMLMjRBC/RU3LhRx64e482+ctFlo64FhDufcy5w5QSK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSqHxDNBJesAxwE6yeKkSgQrBdMbwu/98iU5rF8gCxhfkTGko84JWCkoV33gliEOovMlXswYUBmQ7vhNJ058CpxS9JAJdpD+8sLY5pGTAIVROuB6yTg50QBp4LNal6qWULolIzZwFBJIqb9fB5+hk+NEuJRrMyRgOfq742cRLrIZyYjAhO97BXif94ghdG1n3OZpMAkXTw0SgWGGBdN4JArRkFkhhCquMmK6YQoQsH0VTMluMtfXiXd86Z72by4v2i0bso6qugYnaAz5KIr1EJ3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QOn65Vv</latexit>

✓

<latexit sha1_base64="0COfdggJfFp8yRmUAmWi1fq7tJ8="></latexit>

�⇤(✓) :=arg min
�

`(�,✓)

<latexit sha1_base64="AqahTZyS9LcNGvETya8pI0dAmeU=">AAACE3icbVDLSsNAFJ3UV62vqks3wSLULkpSirosunFZwT6giWEynbZDJ5MwcyOUkH9w46+4caGIWzfu/BunbRa29cAwh3Pu5d57/IgzBZb1Y+TW1jc2t/LbhZ3dvf2D4uFRW4WxJLRFQh7Kro8V5UzQFjDgtBtJigOf044/vpn6nUcqFQvFPUwi6gZ4KNiAEQxa8ooVxw95X00C/SVOc8TSh4pXKy+oMKKA03OvWLKq1gzmKrEzUkIZml7x2+mHJA6oAMKxUj3bisBNsARGOE0LTqxohMkYD2lPU4EDqtxkdlNqnmmlbw5CqZ8Ac6b+7UhwoKYL6soAw0gte1PxP68Xw+DKTZiIYqCCzAcNYm5CaE4DMvtMUgJ8ogkmkuldTTLCEhPQMRZ0CPbyyaukXavaF9X6Xb3UuM7iyKMTdIrKyEaXqIFuURO1EEFP6AW9oXfj2Xg1PozPeWnOyHqO0QKMr1/ZyZ7H</latexit>

�⇤
2(✓)

<latexit sha1_base64="bXpX2BJFMNQ3BDwVA+pIKSVIRMk=">AAACE3icbVDLSsNAFJ3UV62vqks3wSLULkqiRV0W3bisYB/QxDCZTNqhkwczN0IJ+Qc3/oobF4q4dePOv3HSdmFbDwxzOOde7r3HjTmTYBg/WmFldW19o7hZ2tre2d0r7x90ZJQIQtsk4pHouVhSzkLaBgac9mJBceBy2nVHN7nffaRCsii8h3FM7QAPQuYzgkFJTrlmuRH35DhQX2q1hix7qDnn1TkVhhRwduqUK0bdmEBfJuaMVNAMLaf8bXkRSQIaAuFYyr5pxGCnWAAjnGYlK5E0xmSEB7SvaIgDKu10clOmnyjF0/1IqBeCPlH/dqQ4kPmCqjLAMJSLXi7+5/UT8K/slIVxAjQk00F+wnWI9Dwg3WOCEuBjRTARTO2qkyEWmICKsaRCMBdPXiads7p5UW/cNSrN61kcRXSEjlEVmegSNdEtaqE2IugJvaA39K49a6/ah/Y5LS1os55DNAft6xfbYp7I</latexit>

�⇤
3(✓)

<latexit sha1_base64="z3X8WUqmxCoxRdt9fAoIo914JVE=">AAACE3icbVC7TsMwFHV4lvIqMLJYVEilQ5WgChgrWBiLRB9SEyLHdVurThzZN0hV1H9g4VdYGECIlYWNv8FpO9CWI1k+Oude3XtPEAuuwbZ/rJXVtfWNzdxWfntnd2+/cHDY1DJRlDWoFFK1A6KZ4BFrAAfB2rFiJAwEawXDm8xvPTKluYzuYRQzLyT9iPc4JWAkv1B2Aym6ehSaL3XrAz5+KPtOaU6FAQMyPvMLRbtiT4CXiTMjRTRD3S98u11Jk5BFQAXRuuPYMXgpUcCpYOO8m2gWEzokfdYxNCIh0146uWmMT43SxT2pzIsAT9S/HSkJdbagqQwJDPSil4n/eZ0EeldeyqM4ARbR6aBeIjBInAWEu1wxCmJkCKGKm10xHRBFKJgY8yYEZ/HkZdI8rzgXlepdtVi7nsWRQ8foBJWQgy5RDd2iOmogip7QC3pD79az9Wp9WJ/T0hVr1nOE5mB9/QLYMJ7G</latexit>

�⇤
1(✓)

min
θ,Φ

Eσ∼α⋆(θ)

 d∑
j=1

ℓ
(
xj , f

ϕj (X ◦ (Rσ)j)
)
+ λΩ(Φ)


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Overall DAG Learning Problem

<latexit sha1_base64="mvOosCXs2hCXkVjDLTyO5lAeUgk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuhOgx4MVjAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rw1s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7LXrVcaVRKtXptEUcezuAcLsGDG6jBPdShCQwQnuEV3pxH58V5dz4WrTlnGeEp/IHz+QONLY0H</latexit>,

<latexit sha1_base64="mvOosCXs2hCXkVjDLTyO5lAeUgk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuhOgx4MVjAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rw1s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7LXrVcaVRKtXptEUcezuAcLsGDG6jBPdShCQwQnuEV3pxH58V5dz4WrTlnGeEp/IHz+QONLY0H</latexit>,

<latexit sha1_base64="mvOosCXs2hCXkVjDLTyO5lAeUgk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuhOgx4MVjAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rw1s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7LXrVcaVRKtXptEUcezuAcLsGDG6jBPdShCQwQnuEV3pxH58V5dz4WrTlnGeEp/IHz+QONLY0H</latexit>,

or
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rin
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<latexit sha1_base64="MV/fyzic/5LaXI0pkY7XRnJmdCA=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhM7PLzKwQlvyCFw+KePWHvPk3ziY5aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7Whyl/vtJ9SGx+rRThMMJR0pPuSM2lzqoRD9csWv+nOQdRIsSQWWaPTLX71BzFKJyjJBjekGfmLDjGrLmcBZqZcaTCib0BF2HVVUogmz+a0zcuGUARnG2pWyZK7+nsioNGYqI9cpqR2bVS8X//O6qR3ehhlXSWpRscWiYSqIjUn+OBlwjcyKqSOUae5uJWxMNWXWxVNyIQSrL6+T1lU1uK7WHmqVeqO+iKMIZ3AOlxDADdThHhrQBAZjeIZXePOk9+K9ex+L1oK3jPAU/sD7/AEnio6S</latexit>

`
<latexit sha1_base64="ZL1R4riQmoZsZR9WGSvyMxGAuEc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVED0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR4US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJ+7ri1SrVZrVUb9SXceThAi6hDB7cQB3uoQEtYIDwDK/w5jw6L86787FszTmrCM/hD5zPH4cdjQM=</latexit>

(
<latexit sha1_base64="/XtNEbz/LIQd5jgxTsZ87EEAlLQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArIXoMePGYgHlAsoTZSW8yZnZ2mZkVwpIv8OJBEa9+kjf/xsnjoIkFDUVVN91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46pfLLlldw6yTrwlKcES9X7xqzeIWRqhNExQrbuemxg/o8pwJnBa6KUaE8rGdIhdSyWNUPvZ/NApubDKgISxsiUNmau/JzIaaT2JAtsZUTPSq95M/M/rpia89TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nreuyVy1XGpVSrV5bxJGHMziHS/DgBmpwD3VoAgOEZ3iFN+fReXHenY9Fa85ZRngKf+B8/gCIoY0E</latexit>

)
<latexit sha1_base64="mvOosCXs2hCXkVjDLTyO5lAeUgk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuhOgx4MVjAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rw1s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7LXrVcaVRKtXptEUcezuAcLsGDG6jBPdShCQwQnuEV3pxH58V5dz4WrTlnGeEp/IHz+QONLY0H</latexit>,

0.3

<latexit sha1_base64="MV/fyzic/5LaXI0pkY7XRnJmdCA=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhM7PLzKwQlvyCFw+KePWHvPk3ziY5aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7Whyl/vtJ9SGx+rRThMMJR0pPuSM2lzqoRD9csWv+nOQdRIsSQWWaPTLX71BzFKJyjJBjekGfmLDjGrLmcBZqZcaTCib0BF2HVVUogmz+a0zcuGUARnG2pWyZK7+nsioNGYqI9cpqR2bVS8X//O6qR3ehhlXSWpRscWiYSqIjUn+OBlwjcyKqSOUae5uJWxMNWXWxVNyIQSrL6+T1lU1uK7WHmqVeqO+iKMIZ3AOlxDADdThHhrQBAZjeIZXePOk9+K9ex+L1oK3jPAU/sD7/AEnio6S</latexit>

`
<latexit sha1_base64="ZL1R4riQmoZsZR9WGSvyMxGAuEc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVED0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR4US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJ+7ri1SrVZrVUb9SXceThAi6hDB7cQB3uoQEtYIDwDK/w5jw6L86787FszTmrCM/hD5zPH4cdjQM=</latexit>

(
<latexit sha1_base64="/XtNEbz/LIQd5jgxTsZ87EEAlLQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArIXoMePGYgHlAsoTZSW8yZnZ2mZkVwpIv8OJBEa9+kjf/xsnjoIkFDUVVN91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46pfLLlldw6yTrwlKcES9X7xqzeIWRqhNExQrbuemxg/o8pwJnBa6KUaE8rGdIhdSyWNUPvZ/NApubDKgISxsiUNmau/JzIaaT2JAtsZUTPSq95M/M/rpia89TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nreuyVy1XGpVSrV5bxJGHMziHS/DgBmpwD3VoAgOEZ3iFN+fReXHenY9Fa85ZRngKf+B8/gCIoY0E</latexit>

)
<latexit sha1_base64="mvOosCXs2hCXkVjDLTyO5lAeUgk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuhOgx4MVjAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rw1s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7LXrVcaVRKtXptEUcezuAcLsGDG6jBPdShCQwQnuEV3pxH58V5dz4WrTlnGeEp/IHz+QONLY0H</latexit>,

<latexit sha1_base64="MV/fyzic/5LaXI0pkY7XRnJmdCA=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhM7PLzKwQlvyCFw+KePWHvPk3ziY5aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7Whyl/vtJ9SGx+rRThMMJR0pPuSM2lzqoRD9csWv+nOQdRIsSQWWaPTLX71BzFKJyjJBjekGfmLDjGrLmcBZqZcaTCib0BF2HVVUogmz+a0zcuGUARnG2pWyZK7+nsioNGYqI9cpqR2bVS8X//O6qR3ehhlXSWpRscWiYSqIjUn+OBlwjcyKqSOUae5uJWxMNWXWxVNyIQSrL6+T1lU1uK7WHmqVeqO+iKMIZ3AOlxDADdThHhrQBAZjeIZXePOk9+K9ex+L1oK3jPAU/sD7/AEnio6S</latexit>

`
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s.t. Φ⋆(σ) = argminΦ

d∑
j=1

ℓ
(
xj , f

ϕj

(
X ◦ (Rσ)j

))
+ λΩ(Φ)
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Comparison with SOTA on Real Data

Metrics

SHD Structural Hamming Distance → # wrong edges

SID Structural Interventional Distance → # broken causal paths
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Comparison with SOTA on Real Data

True Edge Correct prediction Wrong predictionMissing EdgeLegend:
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SparseMAP vs Top-k Sparsemax on Synthetic Data
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Takeaways and Future Work

• Validity: DAG at any stage of training

• End-to-end: order and edges jointly optimized

• Modularity: can plug-in non-differentiable edge estimators

• Pareto-optimality: empirically best trade-off SHD-SID
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• Validity: DAG at any stage of training

• End-to-end: order and edges jointly optimized

• Modularity: can plug-in non-differentiable edge estimators

• Pareto-optimality: empirically best trade-off SHD-SID

• Scale-robustness? preliminary results suggest robust to variable scale
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Takeaways and Future Work

• Complexity: still at least quadratic in d

• Sub-optimality: combinatorial space + relaxations

• Non-uniqueness: a DAG is consistent with multiple orderings

• need for better understanding of relationship DAG-space vs Order-space
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Want to join the team?
Opening for research intern (remote or in Montreal)

https://www.servicenow.com/research/visiting_researcher.html

Luca Franceschi, AWS Matt Kusner, UCL Vlad Nicular, UVA

Link to arxiv: https://arxiv.org/submit/4710329

Thank you for your attention!
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